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Canonical Quantum Gravity on Noncommutative Spacetime
Martin Kober∗
Kettenhofweg 121, 60325 Frankfurt am Main, Germany
In this paper canonical quantum gravity on noncommutative space-time is considered. The corre-
sponding generalized classical theory is formulated by using the moyal star product, which enables
the representation of the field quantities depending on noncommuting coordinates by generalized
quantities depending on usual coordinates. But not only the classical theory has to be generalized in
analogy to other field theories. Besides, the necessity arises to replace the commutator between the
gravitational field operator and its canonical conjugated quantity by a corresponding generalized
expression on noncommutative space-time. Accordingly the transition to the quantum theory has
also to be performed in a generalized way and leads to extended representations of the quantum
theoretical operators. If the generalized representations of the operators are inserted to the gen-
eralized constraints, one obtains the corresponding generalized quantum constraints including the
Hamiltonian constraint as dynamical constraint. After considering quantum geometrodynamics un-
der incorporation of a coupling to matter fields, the theory is transferred to the Ashtekar formalism.
The holonomy representation of the gravitational field as it is used in loop quantum gravity opens
the possibility to calculate the corresponding generalized area operator.
I. INTRODUCTION
A decisive problem in contemporary theoretical physics is the search for a quantum theory of general relativity. One
of the most important approaches to formulate such a theory is the canonical quantization of gravity. In particular in its
special manifestation as loop quantum gravity, which foundations have been developed in [1], explored in [2],[3],[4],[5]
for example and which has been reviewed in [6],[7],[8],[9] for example, and which is based on the formulation of
canonical gravity given in [10],[11],[12] it is considered as a very promising candidate for a quantum theoretical
formulation of general relativity. Another important concept in the context of quantum gravity is noncommutative
geometry, which goes hand in hand with the introduction of a minimal length scale appearing already at the classical
level, which means before the quantization of the fields, and was first suggested in [13]. Accordingly, the concept of
noncommutative geometry could lead to the possibility to circumvent the necessity of renormalization in quantum
field theory and perhaps also in the usual field theoretic description of quantum gravity. The idea of noncommutative
geometry can in principle also be extended to noncommuting momenta leading to the possibility to cure infrared
divergencies besides ultraviolet divergencies [14]. If a formulation of quantum field theory, which is really satisfying,
should only be possible on a noncommutative space-time, then also any approach to quantum gravity would have to be
formulated on noncommutative space-time. Since the canonical quantization of general relativity is a very natural way
to try to obtain a quantum description of general relativity, under this assumption it would indeed seem to be necessary
to formulate canonical quantum gravity on noncommutative space-time. Various theories of gravity in the context of
noncommutative geometry have amongst others been studied in [15],[16],[17],[18],[19],[20],[21],[22],[23],[24],[25],[26] and
cosmology on noncommutative space-time has been explored in [27]. Even certain ideas referring to quantum gravity
have been explored with respect to noncommutative geometry, see [28],[29],[30],[31],[32],[33],[34],[35] for example.
However, canonical quantum gravity on a space-time with noncommutative coordinates as it is mentioned above has
not been considered so far. It is the aim of this paper to formulate such a theory. By using the moyal star product,
products of fields depending on noncommuting coordinates can be mapped to products of fields depending on usual
coordinates. Accordingly it is possible to represent a field theory on noncommutative space-time as generalized field
theory on usual space-time. To obtain the quantum theoretical setting of this theory, a generalized expression for
the commutator of two operators on noncommutative space-time has to be derived, since an arbitrary commutator
between quantities depending on noncommuting coordinates has to be extended as well, if it is reexpressed by quantities
depending on commuting coordinates. This leads to a generalized quantization condition for the canonical quantization
of field theories, which has to be used to quantize the generalized canonical theory of gravity. In accordance with that,
to obtain the canonical quantum theory of gravity, it is not only necessary to transfer the usual canonical formulation
of classical general relativity to a noncommutative space-time, but it is also necessary to extend the quantization
condition. The modification of the quantization procedure implies generalized operators describing the corresponding
∗
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2kinematics of quantum gravity. Because of this and because of the extension of the classical theory, one obtains
generalized quantum constraints and thus also generalized quantum dynamics. To formulate the generalized quantum
constraints, the three metric representation of the generalized operators describing the gravitational field is used. Such
a generalization of the quantization principle in canonical quantum gravity as it is implied by the noncommutativity of
space-time presupposed in this paper, has in other manifestations been considered in [36],[37],[38],[39],[40]. A canonical
noncommutativity algebra between the components of the gravitational field and the corresponding generalization
of general relativity has been considered in [41]. After formulating the generalized canonical quantum theory of
gravity by referring to quantum geometrodynamics, a transition to Ashtekars formalism is performed in this paper.
The incorporation of matter is considered as well. Based on the corresponding holonomy representation of the
gravitational field as it is used in loop quantum gravity, the generalized area operator can be determined, what is
done in the last section.
II. THE NONCOMMUTATIVE GEOMETRY SCENARIO
As basic assumption, a space-time with coordinates fulfilling a canonical noncommutativity algebra is postulated.
Accordingly the coordinates become operators, xµ → xˆµ, and they obey a commutation relation of the following form:
[xˆµ, xˆν ] = iθµν , (1)
where θµν is an antisymmetric tensor of second order rather than a constant what maintains Lorentz invariance.
In accordance with the splitting of space-time into a spacelike hypersurface and a time coordinate, which will be
presupposed in the next section, it will be made the assumption that only the components referring to the spacelike
hypersurface at every point obey nontrivial commutation relations. This means that the noncommutativity algebra
takes the following special shape, where only the spacelike components are incorporated:
[xˆm, xˆn] = iθmn, with θ =

 0 θ12 θ13−θ12 0 θ23
−θ13 −θ23 0

 . (2)
The noncommutative geometry induced by the algebra (2) of course also leads to generalized properties of field
theories formulated on a space-time with such coordinates. It is possible to represent a field theory according to (2)
as generalized field theory on usual space-time. This can be done by mapping the appearing products of fields in
such a theory, which depend on noncommuting coordinates, to generalized products of such fields depending on usual
coordinates. The product of two arbitrary fields, φ(xˆ) and ψ(xˆ), depending on noncommuting coordinates, can be
mapped to a generalized product of these fields depending on usual coordinates by using the moyal star product,
φ(xˆ)ψ(xˆ) = φ(x) ∗ ψ(x) = exp
(
i
2
θmn
∂
∂xm
∂
∂yn
)
φ(x)ψ(y)
∣∣∣∣
y→x
= φ(x)ψ(x) +
i
2
θmn∂mφ(x)∂nψ(x) +O
(
θ2
)
, (3)
which was originally considered in [42]. The extended expression appearing in (3) of course depends on the noncommu-
tativity tensor θ. Since the canonical formulation of general relativity is a field theory, its setting on noncommutative
space-time can also be represented on usual space-time by using the moyal star product. This is considered in the
next section. It is performed a calculation to the first order in the noncommutativity parameter θ.
III. CANONICAL GRAVITY ON NONCOMMUTATIVE SPACETIME
In the usual setting of the Hamiltonian formulation of general relativity, a foliation of space-time into a time
coordinate τ and a three-dimensional spacelike hypersurface Σ has to be performed, τ × Σ. This implies a splitting
of the metric tensor gµν according to
gµν =
(
NaN
a −N2 Nb
Nc hab
)
, (4)
where hab describes the three metric referring to the three-dimensional spacelike hypersurface Σ, N
a denotes the shift
vector and N describes the lapse function. Based on this representation of the metric tensor and thus the gravitational
3field, all other quantities are expressed. The corresponding canonical gravity theory on noncommutative space-time is
obtained by replacing all usual quantities by quantities depending on noncommutative coordinates and mapping the
appearing products of these quantities to generalized products of usual quantities by using the moyal star product.
The moyal star product can be represented as a series expansion in the noncommutativity parameter θ according
to the expression given in (3). In this paper is performed a calculation to the first order in the noncommutativity
parameter θ. In the considerations below, Aθ0 describes the part of the generalization of an arbitrary quantity A,
which does not depend on the noncommutativity parameter θ and Aθ1 describes the part of the quantity depending
on the noncommutativity parameter θ to the first order. All quantities appearing in the Hamiltonian formulation of
general relativity corresponding to the foliation of space-time and the corresponding splitting of the metric field (4)
have to be transferred to noncommutative space-time and then mapped to usual space-time. In this paper is made the
presupposition that the expressions obtained from the usual metric (4) are transferred to noncommutative space and
not already the products appearing in (4) are transferred to noncommutative space-time. The generalized expressions
on noncommutative space-time are obtained by replacing the usual product between the quantities through the star
product (3). If expressions already contain other quantities containing products by themselves, then the corresponding
generalized expressions have to be inserted and of course all resulting terms of higher order have to be neglected.
Accordingly the Einstein-Hilbert action on noncommutative space-time reads
SθEH =
1
16πG
∫
dt d3x
(
πabθ ∗ h˙θab −N ∗ H¯τ −Na ∗ H¯a
)
=
1
16πG
∫
dt d3x
(
πabθ0h˙
θ0
ab + π
ab
θ0h˙
θ1
ab + π
ab
θ1h˙
θ0
ab +
i
2
θmn∂mπ
ab
θ0∂nh
θ0
ab −NH¯θ0τ −NH¯θ1τ −
i
2
θmn∂mN∂nH¯θ0τ
−NaH¯θ0a −NaH¯θ1a −
i
2
θmn∂mN
a∂nH¯θ1a
)
+O (θ2) , (5)
where G denotes the gravitational constant. Since the Einstein-Hilbert action in the canonical formulation on non-
commutative space-time (5) already contains many quantities, which have to be generalized on noncommutative
space-time by themselves, πabθ , h˙
θ
ab, H¯θτ and H¯θa namely, these generalized quantities have to be determined to make
(5) be defined explicitly. The generalized canonical conjugated variable to the three metric hab appearing in (5) is
given by the following expression:
πabθ =
√
h
16πG
∗ (Kab −K ∗ hab)
=
√
h
16πG
(
Kab −Khab)+ iθmn
32πG
(
∂mh
2
√
h
∂nK
ab − ∂mh
2
√
h
∂nKh
ab − ∂mh
2
√
h
K∂nh
ab −
√
h∂mK∂nh
ab
)
+O (θ2)
≡ πabθ0 + πabθ1 +O
(
θ2
)
, (6)
and the derivative of the three metric with respect to the chosen time coordinate τ is given by
h˙θab = 32πGN ∗
1√
h
∗
(
πθab −
1
2
πcdθ ∗ hcd ∗ hab
)
+Dθa ∗Nb +Dθb ∗Na
=
32πGN√
h
[(
πθ0ab + π
θ1
ab
)− 1
2
(
πcdθ0 + π
cd
θ1
)
hcdhab
]
+ ∂aNb + ∂bNa +
(
ωθ0 iaj + ω
θ1 i
aj
)
Nb +
(
ωθ0 ibj + ω
θ1 i
bj
)
Na
+
i
2
θmn
(
−∂mN ∂nh
2h
√
h
πθ0ab +
∂mN√
h
∂nπ
θ0
ab −N
∂mh
2h
√
h
∂nπ
θ0
ab − ∂mN
∂nh
2h
√
h
πcdθ0hcdhab +
∂mN√
h
∂nπ
cd
θ0hcdhab
+
∂mN√
h
πcdθ0∂nhcdhab +
∂mN√
h
πcdθ0hcd∂nhab −N
∂mh
2h
√
h
∂nπ
cd
θ0hcdhab −N
∂nh
2h
√
h
πcdθ0∂nhcdhab
−N ∂nh
2h
√
h
πcdθ0hcd∂nhab +
N√
h
∂mπ
cd
θ0∂nhcdhab +
N√
h
∂mπ
cd
θ0hcd∂nhab +
N√
h
πcdθ0∂mhcd∂nhab
+∂mω
θ0 i
aj ∂nNb + ∂mω
θ0 i
bj ∂nNa
)
+O (θ2)
≡ h˙θ0ab + h˙θ1ab +O
(
θ2
)
. (7)
Since this expression (7) describing the generalized derivative of the three metric hab with respect to the time coordinate
τ , contains itself already a generalized expression, the covariant derivative Dθa being defined by the generalized spin
4connection ωθ iaj , this generalized quantity on noncommutative space-time has to be calculated to make (7) be defined.
The covariant derivative, which has already been used in (7), applied to an arbitrary vector is given by
Dθa ∗ vi = ∂avi + ωiaj ∗ vj = ∂avi + ωθ0 iaj vj + ωθ1 iaj vj +
i
2
θmn∂mω
θ0 i
aj ∂nv
j +O (θ2) , (8)
where the spin connection can be determined as
ωθ iaj = e
d
k ∗ efj ∗ eic ∗ Γcdf ∗ eka − edk ∗ efj ∗ ∂deif ∗ eka
= edke
f
j e
i
cΓ
θ0 c
df e
k
a + e
d
ke
f
j e
i
cΓ
θ1 c
df e
k
a − edkefj ∂deifeka
+
i
2
θmn
(
∂me
d
k∂ne
f
j e
i
cΓ
θ0 c
df e
k
a + ∂me
d
ke
f
j ∂ne
i
cΓ
θ0 c
df e
k
a + ∂me
d
ke
f
j e
i
c∂nΓ
θ0 c
df e
k
a + ∂me
d
ke
f
j e
i
cΓ
θ0 c
df ∂ne
k
a
+edk∂me
f
j ∂ne
i
cΓ
θ0 c
df e
k
a + e
d
k∂me
f
j e
i
c∂nΓ
θ0 c
df e
k
a + e
d
k∂me
f
j e
i
cΓ
θ0 c
df ∂ne
k
a
+edke
f
j ∂me
i
c∂nΓ
θ0 c
df e
k
a + e
d
ke
f
j ∂me
i
cΓ
θ0 c
df ∂ne
k
a + e
d
ke
f
j e
i
c∂mΓ
θ0 c
df ∂ne
k
a
−∂medk∂nefj ∂deifeka − ∂medkefj ∂n∂deifeka − ∂medkefj ∂deif∂neka
−edk∂mefj ∂n∂deifeka − edk∂mefj ∂deif∂neka − edkefj ∂m∂deif∂neka
)
+O (θ2)
≡ ωθ0 iaj + ωθ1 iaj +O
(
θ2
)
. (9)
The generalized parts of the Christoffel symbols, Γθ1 cab , appearing in (9), are defined below. The parts of the Hamil-
tonian density on noncommutative space-time, H¯θτ and H¯θa, are obtained in the same way by replacing the usual
products through star products,
H¯θτ = 16πG Gθabcd ∗ πabθ ∗ πcdθ −
√
h
16πG
∗ (Rθ − 2Λ) ,
H¯θa = −2Db ∗ pθ ba. (10)
If these star products are calculated explicitly, one obtains the following expressions:
H¯θτ = 16πG
[
Gθ0abcd
(
πabθ0π
cd
θ0 + 2π
ab
θ0π
cd
θ1
)
+Gθ1abcdπ
ab
θ0π
cd
θ0 +
i
2
θmn
(
2∂mG
θ0
abcd∂nπ
ab
θ0π
cd
θ0 +G
θ0
abcd∂mπ
ab
θ0∂nπ
cd
θ0
)]
−
√
h
16πG
(Rθ0 +Rθ1 − 2Λ)− iθ
mn
32πG
∂mh
2
√
h
∂nRθ0 +O
(
θ2
)
= H¯θ0τ + H¯θ1τ +O
(
θ2
)
,
H¯θa = −2∂bπθ0 ba − 2∂bπθ1 ba − 2ωθ0b πθ0 ba − 2ωθ1b πθ0 ba − 2ωθ0b πθ1 ba − iθmn∂mωθ0b ∂nπθ0 ba +O
(
θ2
)
= H¯θ0a + H¯θ1a +O
(
θ2
)
, (11)
where the generalized expression Gθabcd and its components read as following:
Gθabcd =
1
2
√
h
∗ (hac ∗ hbd + had ∗ hbc − 2hab ∗ hcd)
=
1
2
√
h
(
hachbd + hadhbc − 2habhcd)+ iθmn
4
√
h
(
∂mh
ac∂nh
bd + ∂mh
ad∂nh
bc − 2∂mhab∂nhcd
)
− iθ
mn
8
∂mh
h
√
h
(
∂nh
achbd + hac∂nh
bd + ∂nh
adhbc + had∂nh
bc − 2∂nhabhcd − 2hab∂nhcd
)
+O (θ2)
≡ Gθ0abcd +Gθ1abcd +O
(
θ2
)
. (12)
In (11) has been used the symmetry Gθabcd = G
θ
cdab. However, since in the Einstein-Hilbert action on noncommutative
space-time (5), the products between the Lagrange multipliers N and Na and the components of the Hamiltonian
density formulated on noncommutative space-time, H¯θτ and H¯θa, are replaced by star products as well, leading to
5additional terms, the Hamiltonian and the diffeomorphism constraint of the canonical formalism of gravity on non-
commutative space-time are not determined completely by referring to them. This is the reason why they have been
written by using a bar. There have to be defined generalized expressions of the components of the Hamiltonian
density instead, which are obtained by varying the generalized Einstein-Hilbert action with respect to the Lagrange
multipliers N and Na. This leads to the complete Hamiltonian and diffeomorphism constraint in the noncommutative
canonical gravity theory,
Hθτ = −
δSθEH
δN
= H¯θ0τ + H¯θ1τ −
i
2
θmn∂m∂nH¯θ0τ +O
(
θ2
)
= 0,
Hθa = −
δSθEH
δNa
= H¯θ0a + H¯θ1a −
i
2
θmn∂m∂nH¯θ0a +O
(
θ2
)
= 0. (13)
To obtain the generalized expression of the Ricci-scalar appearing in the components of the Hamiltonian, the Riemann
tensor on noncommutative space-time has to be determined and therefore the corresponding Christoffel symbols, which
have already been used in (9), have to be calculated first. They are given by
Γc θab =
1
2
hcd ∗ (∂ahdb + ∂bhda − ∂dhab)
=
1
2
hcd (∂ahdb + ∂bhda − ∂dhab) + i
4
θmn∂mh
cd (∂n∂ahdb + ∂n∂bhda − ∂n∂dhab) +O
(
θ2
)
≡ Γθ0 cab + Γθ1 cab +O
(
θ2
)
. (14)
The Riemann tensor accordingly reads as follows:
Rθ dabc = ∂aΓ
θ d
bc − ∂bΓθ dac + Γθ eac ∗ Γθ dbe − Γθ ebc ∗ Γθ dae
= ∂aΓ
θ0 d
bc + ∂aΓ
θ1 d
bc − ∂bΓθ0 dac − ∂bΓθ1 dac
+Γθ0 eacΓ
θ0 d
be + Γ
θ0 e
acΓ
θ1 d
be + Γ
θ1 e
acΓ
θ0 d
be − Γθ0 ebcΓθ0 dae − Γθ0 ebcΓθ1 dae − Γθ1 ebcΓθ0 dae
+
i
2
θmn
[
∂mΓ
θ0 e
ac∂nΓ
θ0 d
be − ∂mΓθ0 ebc ∂nΓθ0 dae
]
+O (θ2) , (15)
and this means that the Ricci tensor reads as follows:
Rθab = ∂aΓ
θ c
cb − ∂cΓθ cab + Γθ eab ∗ Γθ cce − Γθ ecb ∗ Γθ cae
= ∂aΓ
θ0 c
cb + ∂aΓ
θ1 c
cb − ∂cΓθ0 cab − ∂cΓθ1 cab
+Γθ0 eabΓ
θ0 c
ce + Γ
θ0 e
abΓ
θ1 c
ce + Γ
θ1 e
abΓ
θ0 c
ce − Γθ0 ecbΓθ0 cae − Γθ0 ecbΓθ1 cae − Γθ1 ecbΓθ0 cae
+
i
2
θmn
[
∂mΓ
θ0 e
ab∂nΓ
θ0 c
ce − ∂mΓθ0 ecb ∂nΓθ0 cae
]
+O (θ2) . (16)
The Ricci scalar can finally be determined to
Rθ = h
ab ∗Rθab = hab ∗
[
∂aΓ
θ c
cb − ∂cΓθ cab + Γθ eab ∗ Γθ cce − Γθ ecb ∗ Γθ cae
]
= hab
[
∂aΓ
θ0 c
cb + ∂aΓ
θ1 c
cb − ∂cΓθ0 cab − ∂cΓθ1 cab
+Γθ0 eabΓ
θ0 c
ce + Γ
θ0 e
abΓ
θ1 c
ce + Γ
θ1 e
abΓ
θ0 c
ce − Γθ0 ecb Γθ0 cae − Γθ0 ecbΓθ1 cae − Γθ1 ecbΓθ0 cae
]
+
i
2
θmnhab
[
∂mΓ
θ0 e
ab∂nΓ
θ0 c
ce − ∂mΓθ0 ecb ∂nΓθ0 cae
]
+
i
2
θmn∂mhab
[
∂n∂aΓ
θ0 c
cb − ∂n∂cΓθ0 cab + ∂nΓθ0 eabΓθ0 cce − ∂nΓθ0 ecbΓθ0 cae
+Γθ0 eab∂nΓ
θ0 c
ce − Γθ0 ecb ∂nΓθ0 cae
]
+O (θ2)
≡ Rθ0 +Rθ1 +O
(
θ2
)
. (17)
This means that the decisive quantities of the canonical formulation of canonical gravity on noncommutative space-
time have been represented on commutative space-time by using the moyal star product (3) and presupposing a
consideration to the first order in θ. To obtain the corresponding quantum theory, it is inevitable first to consider the
general idea of canonical quantization on noncommutative space-time, which is directly related to the generalization
of the formulation of commutators on noncommutative space-time.
6IV. CANONICAL QUANTIZATION ON NONCOMMUTATIVE SPACE-TIME
To obtain the corresponding quantum theory of a theory on noncommutative space-time by referring to canonical
quantization, the quantization rules on a noncommutative space-time have to be determined first. The appearance
of a generalization of the quantization of a theory arises from the generalized properties of commutators according
to the star product. The transition to noncommuting coordinates implies an analogous transition of the commutator
between to arbitrary field operators Aˆ and Bˆ:
[
Aˆ(x), Bˆ(y)
]
−→
[
Aˆ(xˆ), Bˆ(yˆ)
]
, (18)
where
[
Aˆ, Bˆ
]
= AˆBˆ − BˆAˆ. The generalized commutator appearing in (18) can be calculated in dependence on the
usual commutator and the noncommutativity parameter θ by using the moyal product (3) as follows:
[
Aˆ(xˆ), Bˆ(yˆ)
]
= Aˆ(xˆ)Bˆ(yˆ)− Bˆ(yˆ)Aˆ(xˆ) =
[
Aˆ(x), Bˆ(y)
]
∗
= Aˆ(x) ∗ Bˆ(y)− Bˆ(y) ∗ Aˆ(x)
= Aˆ(x)Bˆ(y)− Bˆ(y)Aˆ(x) +
[
i
2
θmn∂mAˆ(x)∂nBˆ(y)− i
2
θmn∂mBˆ(y)∂nAˆ(x)
]
δ(x− y) +O (θ2)
= Aˆ(x)Bˆ(y)− Bˆ(y)Aˆ(x) +
[
i
2
θmn∂mAˆ(x)∂nBˆ(y) +
i
2
θmn∂nBˆ(y)∂mAˆ(x)
]
δ(x− y) +O (θ2)
=
[
Aˆ(x), Bˆ(y)
]
+
[
i
2
θmn
{
∂mAˆ(x), ∂nBˆ(x)
}]
δ(x− y) +O (θ2) , (19)
where
{
Aˆ, Bˆ
}
= AˆBˆ+ BˆAˆ. This means for the canonical quantization of a scalar field φ and its canonical conjugated
quantity πφ,
[
φˆ(x), πˆφ(y)
]
= iδ(x− y) −→
[
φˆ(x), πˆφ(y)
]
=
[
1 +
1
2
θmn
{
∂mφˆ(x), ∂nπˆφ(x)
}]
iδ(x− y). (20)
This generalization of the quantization rule according to (20) can be realized by the following representation of the
operators φˆ and πˆφ:
φˆ(x)|Ψ[φ]〉 = φ(x)|Ψ[φ]〉, πˆφ(x)|Ψ[φ]〉 = −i
[
δ
δφ(x)
+
i
2
θmn∂mφ(x)
∫
d3z ∂nδ(z − x) δ
2
δ[φ(z)]2
]
|Ψ[φ]〉+O (θ2) .
(21)
The validity of the representation of the canonical conjugated field operator in (21) can be seen, if one calculates the
commutator between the field operator and its canonical conjugated operator in the representation (21),
[
φˆ(x), πˆφ(y)
]
=
[
φ(x),−i
{
δ
δφ(y)
+
i
2
θmn∂mφ(y)
∫
d3z ∂nδ(z − y) δ
2
δ[φ(z)]2
}]
+O (θ2)
= i
[
δ(x− y) + iθmn∂mφ(y)
∫
d3z ∂nδ(z − y)δ(x− z) δ
δ[φ(z)]
]
+O (θ2)
= i
[
δ(x− y) + iθmn∂mφ(y)∂nδ(x− y) δ
δ[φ(x)]
]
+O (θ2)
= iδ(x− y)
[
1− iθmn∂mφ(x)∂n
(
δ
δ[φ(x)]
)]
+O (θ2) , (22)
where has been used the relation ∂mδ(x − y)f(x) = −δ(x − y)∂mf(x). If one now inserts the representation of the
operators (21) to the right hand side of (20), one obtains:
7[
1 +
1
2
θmn
{
∂mφˆ(x), ∂nπˆ(x)
}]
iδ(x− y) = iδ(x− y)
[
1− i
2
θmn
{
∂mφ(x), ∂n
(
δ
δ[φ(x)]
)}]
+O (θ2)
= iδ(x− y)
[
1− iθmn∂mφ(x)∂n
(
δ
δ[φ(x)]
)]
+O (θ2) . (23)
Thus both sides of (20) are equal and therefore the commutator is fulfilled by the representation (21). In the second
step of (23), the anti-commutator has been replaced by the doubled product of the expressions within it. The
possibility to perform this replacement arises from the vanishing variation of the derivative of a field with respect to
the field what can be seen as follows:
δ∂mφ(x)
δφ(x)
=
δ
δφ(x)
∫
d3y δ(x − y)∂mφ(y) = − δ
δφ(x)
∫
d3y ∂mδ(x− y)φ(y)
= −
∫
d3y ∂mδ(x− y) δφ(y)
δφ(x)
= −
∫
d3y ∂mδ(x− y)δ(x − y) = −∂mδ(0) = 0. (24)
Because of the generalization of the expression of an arbitrary commutator according to the noncommutativity of the
coordinates (19), the commutation relations between the Hamiltonian expressions have to be generalized as well. If
the Hamiltonian of an arbitrary field theory is given by
Hˆθ =
∫
d3x
(
N ∗ ˆ¯Hθτ +Na ∗ ˆ¯Hθa
)
, (25)
then the commutation relations between ˆ¯Hθτ and ˆ¯Hθa on noncommutative space-time are given by
[
ˆ¯Hθτ (x), ˆ¯Hθτ (y)
]
= ∂aδ(x− y)
(
hab(x) ˆ¯Hθb (x) + hab(y) ˆ¯Hθb (y)
)
+
[
i
2
θmn
{
∂m
ˆ¯Hθτ (x), ∂n ˆ¯Hθτ (y)
}]
δ(x− y) +O (θ2) ,
[
ˆ¯Hθa(x), ˆ¯Hθτ (y)
]
= Hˆθτ∂aδ(x− y) +
[
i
2
θmn
{
∂m
ˆ¯Hθa(x), ∂n ˆ¯Hθτ (y)
}]
δ(x− y) +O (θ2) ,
[
ˆ¯Hθa(x), ˆ¯Hθb (y)
]
= ˆ¯Hθb(x)∂aδ(x− y) + ˆ¯Hθa(y)∂bδ(x− y) +
[
i
2
θmn
{
∂m
ˆ¯Hθa(x), ∂n ˆ¯Hθb (y)
}]
δ(x− y) +O (θ2) . (26)
Remember that the expressions ˆ¯Hθτ as well as ˆ¯Hθa determine the Hamiltonian and the diffeomorphism constraint with
respect to the relations given in (13).
V. QUANTUM GEOMETRODYNAMICS ON NONCOMMUTATIVE SPACE-TIME
If the dynamical quantities of general relativity on noncommutative space-time shall be quantized canonically, the
usual commutator has to be generalized according to the general transition rule, (18) with (19). This leads to the
following quantization condition for the variables of quantum geometrodynamics, hab and π
ab:
[
hˆab(x), πˆ
cd(y)
]
= i
[
δc(aδ
d
b) +
1
2
θmn
{
∂mhˆab(x), ∂nπˆ
cd(y)
}]
δ(x− y) +O (θ2) . (27)
The corresponding representation of the operators appearing in (27) in the three metric space is given by
hˆab(x)|Ψ[h]〉 = hab(x)|Ψ[h]〉,
πˆab(x)|Ψ[h]〉 = −i
[
δ
δhab(x)
+
i
2
θmnX ijabefgh∂mhij(x)
∫
d3z ∂nδ (z − x) δ
δhef (z)
δ
δhgh(z)
]
|Ψ[h]〉+O (θ2) , (28)
where has been introduced the new tensor X , which is a tensor of eight order over the vector space of three vectors
referring to the three dimensional submanifold Σ. If A and B are assumed to be two arbitrary tensors of second order
over the same vector space, then the components of X , X abcdefgh, are defined by the following relations:
8X abcdefghAabBef ≡ AghBcd, X abcdefghAabBef = X abcdghefAabBef . (29)
The validity of the representation of the operators of quantum geometrodynamics on noncommutative space-time,
which is given in (28), is shown in analogy to (22) and (23) by calculating the commutator between hˆab(x) and πˆ
cd(y)
in the representation (28),
[
hˆab(x), πˆ
cd(y)
]
=
[
hab(x),−i
{
δ
δhcd(y)
+
i
2
θmnX ijcdefgh∂mhij(y)
∫
d3z ∂nδ (z − y) δ
δhef (z)
δ
δhgh(z)
}]
+O (θ2)
= i
{
δhab(x)
δhcd(y)
+ iθmnX ijcdefgh∂mhij(y)
∫
d3z ∂nδ (z − y)
(
δhab(x)
δhef (z)
δ
δhgh(z)
)}
+O (θ2)
= i
{
δc(aδ
d
b)δ(x− y) + iθmnX ijcdefgh∂mhij(y)
∫
d3z ∂nδ (z − y)
(
δe(aδ
f
b)δ(x− z)
δ
δhgh(z)
)}
+O (θ2)
= i
{
δc(aδ
d
b)δ(x− y) + iθmnX ijcdefgh∂mhij(y)∂nδ (x− y)
(
δe(aδ
f
b)
δ
δhgh(x)
)}
+O (θ2)
= i
{
δc(aδ
d
b)δ(x− y) + iθmnX ijcdabgh∂mhij(y)∂nδ (x− y)
(
δ
δhgh(x)
)}
+O (θ2)
= i
{
δc(aδ
d
b)δ(x− y) + iθmn∂mhab(y)∂nδ (x− y)
(
δ
δhcd(x)
)}
+O (θ2)
= iδ(x− y)
{
δc(aδ
d
b) − iθmn∂mhab(x)∂n
(
δ
δhcd(x)
)}
+O (θ2) , (30)
where again has been used the relation ∂mδ(x− y)f(x) = −δ(x− y)∂mf(x), and inserting (28) also to the right hand
side of (27),
[
δc(aδ
d
b) +
1
2
θmn
{
∂mhˆab(x), ∂nπˆ
cd(x)
}]
iδ(x− y) = iδ(x− y)
[
δc(aδ
d
b) −
i
2
θmn
{
∂mhab(x), ∂n
(
δ
δhcd(x)
)}]
+O (θ2) ,
= iδ(x− y)
[
δc(aδ
d
b) − iθmn∂mhab(x)∂n
(
δ
δhcd(x)
)]
+O (θ2) . (31)
Since the result of (30) is equal to the result of (31), (28) yields the correct representation of the operators defined by
(27). To obtain the subspace of states, which are dynamically valid, the constraints have to be implemented, which
are obtained by converting the classical constraints (13) to operators, which act on the quantum states referring to
the gravitational field. And to perform this procedure, the Hamiltonian expressions reformulated on noncommutative
space-time (11) have to be inserted to the constraints on noncommutative space-time (13). Remember that the
generalized Hamiltonian expressions are not equivalent with the generalized constraints, because of the star product
with the Lagrange multipliers within the generalized action. After this the transition takes place by replacing the
dynamical quantities hab and π
ab within the classical constraints, (13) with (11) inserted, by the corresponding
operators and accordingly leads to the following quantum constraints:
Hˆθτ |Ψ[h]〉 =
{
16πG
[
Gˆθ0abcd
(
πˆabθ0πˆ
cd
θ0 + 2πˆ
ab
θ0πˆ
cd
θ1
)
+ Gˆθ1abcdπˆ
ab
θ0πˆ
cd
θ0 +
i
2
θmn
(
2∂mGˆ
θ0
abcd∂nπˆ
ab
θ0πˆ
cd
θ0 + Gˆ
θ0
abcd∂mπˆ
ab
θ0∂nπˆ
cd
θ0
)]
−
√
hˆ
16πG
(
Rˆθ0 + Rˆθ1 − 2Λ
)
− iθ
mn
32πG
∂mhˆ
2
√
hˆ
∂nRˆθ0
− i
2
θmn∂m∂n
[
16πG Gˆθ0abcdπˆ
ab
θ0πˆ
cd
θ0 −
√
hˆ
16πG
(
Rˆθ0 − 2Λ
)]}
|Ψ[h]〉+O (θ2) = 0,
Hˆθa|Ψ[h]〉 =
[−2∂bπˆθ0 ba − 2∂bπˆθ1 ba − 2ωˆθ0b πˆθ0 ba − 2ωˆθ1b πˆθ0 ba − 2ωˆθ0b πˆθ1 ba − iθmn∂mωˆθ0b ∂nπˆθ0 ba
− i
2
θmn∂m∂n
(−2∂bπˆθ0 ba − 2ωˆθ0b πˆθ0 ba )
]
|Ψ[h]〉+O (θ2) = 0. (32)
9If the concrete representations of the operators given in (28) are inserted to (32), then the quantum constraints of
canonical quantum gravity on noncommutative space-time to the first order in the noncommutativity parameter θ
read as follows:
Hˆθτ (x)|Ψ[h]〉 =
{
16πG
[
Gθ0abcd(x)
(
− δ
δhcd(x)
−
[
iθmnX ijcdefgh∂mhij(x)
∫
d3z ∂nδ (z − x) δ
δhef (z)
δ
δhgh(z)
])
δ
δhab(x)
− i
2
θmn∂mG
θ0
abcd(x)
(
2∂n
δ
δhab(x)
δ
δhcd(x)
+ ∂m
δ
δhab(x)
∂n
δ
δhcd(x)
)
−Gθ1abcd(x)
δ
δhab(x)
δ
δhcd(x)
]
−
√
h(x)
16πG
(Rθ0(x) +Rθ1(x) − 2Λ)− iθ
mn
32πG
∂mh(x)
2
√
h(x)
∂nRθ0(x)
− i
2
θmn∂m∂n
[
−16πG Gθ0abcd(x)
δ
δhab(x)
δ
δhcd(x)
−
√
h(x)
16πG
(Rθ0(x) − 2Λ)
]}
|Ψ[h]〉+O (θ2) = 0,
Hˆθa(x)|Ψ[h]〉 = i
{
2∂b
δ
δhab (x)
+ 2∂b
[
i
2
θmnX ijabefgh∂mhij(x)
∫
d3z ∂nδ (z − x) δ
δhef (z)
δ
δhgh(z)
]
+2ωθ0b (x)
[
i
2
θmnX ijabefgh∂mhij(x)
∫
d3z ∂nδ (z − x) δ
δhef (z)
δ
δhgh(z)
]
+
[
2ωθ0b (x) + 2ω
θ1
b (x)
] δ
δhab (x)
+iθmn∂mω
θ0
b (x)∂n
δ
δhab (x)
− i
2
θmn∂m∂n
(
2∂b
δ
δhab (x)
+ 2ωθ0b
δ
δhab (x)
)}
|Ψ[h]〉+O (θ2) = 0. (33)
Note, that the dependence of the field quantities on the coordinate is explicitly written in all expressions like (33)
containing the representation of the operators of the scalar field or the gravitational field respectively. This is because
the representation of the canonical conjugated quantity to the fields contains an integral over the variation with
respect to the field on a certain point and therefore the variations with respect to the fields depend on the parameter
the integral refers to instead of the point the complete field operator representation refers to. In case of all the other
expressions all quantities directly depend on the same space-time point parameter and therefore it has not to be
written explicitly.
VI. COUPLING TO MATTER
In the last section quantum geometrodynamics on noncommutative space-time has been formulated. But the
coupling of matter fields to the gravitational field has been omitted so far. Therefore the question remains how the
canonical quantum theory of gravity on noncommutative space-time looks like under incorporation of the coupling
to matter fields. In this section an arbitrary scalar field coupled to the gravitational field shall be considered. To
incorporate the quantum description of a scalar field to the quantum description of general relativity according to
quantum geometrodynamics, it has to be treated in the Hamiltonian formulation as well. In the canonical formulation
a scalar field on noncommutative space-time is described by the following Hamiltonian:
Hθφ =
∫
d3x
[
N ∗
(
1
2
√
h
∗ πφ +
√
h
2
∗ hab ∗ ∂aφ ∗ ∂bφ+ m
2
2
√
h ∗ φ2
)
+Na ∗ πφ ∗ ∂aφ
]
.
=
∫
d3x
[
N
[
πθ0φ + π
θ1
φ
2
√
h
+
√
h
2
hab∂aφ∂bφ+
m2
2
√
hφ2
]
+Na
(
πθ0φ + π
θ1
φ
)
∂aφ
+
i
4
θmn
(
−∂mN ∂nh
2h
√
h
πθ0φ +
∂mN√
h
∂nπ
θ0
φ −N
∂mh
2h
√
h
∂nπ
θ0
φ + ∂mN
∂nh
2
√
h
hab∂aφ∂bφ+ ∂mN
√
h∂nh
ab∂aφ∂bφ
+2∂mN
√
hhab∂n∂aφ∂bφ+N
∂mh
2
√
h
∂nh
ab∂aφ∂bφ+ 2N
∂mh
2
√
h
hab∂n∂aφ∂bφ+ 2N
√
h∂mh
ab∂n∂aφ∂bφ
+N
√
hhab∂m∂aφ∂n∂bφ+m
2∂mN
∂nh
2
√
h
φ2 +m2∂mN
√
h∂nφ
2 +m2N
∂mh
2
√
h
∂nφ
2
+2∂mN
a∂nπ
θ0
φ ∂aφ+ 2∂mN
aπθ0φ ∂n∂aφ+ 2N
a∂mπ
θ0
φ ∂n∂aφ
)]
+O (θ2) . (34)
The corresponding constraints are obtained by varying the Hamiltonian describing a scalar field on noncommutative
space-time (34) with respect to the Lagrange multipliers. This is completely analogue to the case referring to the
10
gravitational field (13) with the difference that here the components of the usual Hamiltonian density on noncommu-
tative space-time, which correspond to (11), have not been determined separately. Thus the constraints in its classical
manifestation read
Hθτφ =
δHθφ
δN
= 0, Hθaφ =
δHθφ
δNa
= 0, (35)
and if the variations with respect to the Lagrange multipliers are calculated explicitly, this leads to the following
classical constraints for the scalar field:
Hθτφ =
(
πθ0φ + π
θ1
φ
)
2
√
h
+
√
h
2
hab∂aφ∂bφ+
1
2
m2
√
hφ2
+
i
4
θmn
[
−∂m
(
− ∂nh
2h
√
h
πθ0φ
)
− ∂m
(
1√
h
∂nπ
θ0
φ
)
− ∂mh
2h
√
h
∂nπ
θ0
φ − ∂m
(
∂nh
2
√
h
hab∂aφ∂bφ
)
− ∂m
(√
h∂nh
ab∂aφ∂bφ
)
−2∂m
(√
hhab∂n∂aφ∂bφ
)
+
∂mh
2
√
h
∂nh
ab∂aφ∂bφ+ 2
∂mh
2
√
h
hab∂n∂aφ∂bφ+ 2
√
h∂mh
ab∂n∂aφ∂bφ
+
√
hhab∂m∂aφ∂n∂bφ−m2∂m
(
∂n
√
hφ2
)
−m2∂m
(√
h∂nφ
2
)
+m2
∂mh
2
√
h
∂nφ
2
]
+O (θ2) = 0,
Hθaφ =
(
πθ0φ + π
θ1
φ
)
∂aφ+
i
2
θmn
[−∂m (∂nπθ0φ ∂aφ)− ∂m (πθ0φ ∂n∂aφ)+ ∂mπθ0φ ∂n∂aφ]+O (θ2) = 0. (36)
These constraints can in complete analogy to the case of the gravitational field, (32) and (33), be converted to the
corresponding quantum constraints by using the quantization rule (20) and the corresponding representation of the
operators (21) and inserting them into (36). This leads to the following expressions for the quantum constraints
referring to the scalar field:
Hˆθφ(x)|Ψ[h, φ]〉 =
{
−i
2
√
h
[
δ
δφ(x)
+
i
2
θmn∂mφ(x)
∫
d3z ∂nδ(z − x) δ
2
δ[φ(z)]2
]
+
√
h
2
hab(x)∂aφ(x)∂bφ(x) +
1
2
m2
√
h(x)[φ(x)]2
+
i
4
θmn
[
i∂m
(
∂n
1√
h(x)
δ
δφ(x)
)
+ i∂m
(
1√
h(x)
∂n
δ
δφ(x)
)
+ i
∂mh(x)
2h
√
h(x)
∂n
δ
δφ(x)
− ∂m
(
∂n
√
h(x)hab(x)∂aφ(x)∂bφ(x)
)
−∂m
(√
h(x)∂nh
ab(x)∂aφ(x)∂bφ(x)
)
− 2∂m
(√
h(x)hab(x)∂n∂aφ(x)∂bφ(x)
)
+
∂mh(x)
2
√
h(x)
∂nh
ab(x)∂aφ(x)∂bφ(x)
+2
∂mh(x)
2
√
h(x)
hab(x)∂n∂aφ(x)∂bφ(x) + 2
√
h(x)∂mh
ab∂n∂aφ(x)∂bφ(x) +
√
h(x)hab(x)∂m∂aφ(x)∂n∂bφ(x)
−m2∂m
(
∂nh(x)
2
√
h(x)
[φ(x)]2
)
−m2∂m
(√
h(x)∂n[φ(x)]
2
)
+m2
∂mh(x)
2
√
h(x)
∂n[φ(x)]
2
]}
|Ψ[h, φ]〉+O (θ2) = 0,
Hˆθaφ(x)|Ψ[h, φ]〉 =
{
−i
[
δ
δφ(x)
+
i
2
θmn∂mφ(x)
∫
d3z ∂nδ(z − x) δ
2
δ[φ(z)]2
]
∂aφ(x)
+
i
2
θmn
[
∂m
(
i∂n
δ
δφ(x)
∂aφ(x)
)
+ ∂m
(
i
δ
δφ(x)
∂n∂aφ(x)
)
− i∂m δ
δφ(x)
∂n∂aφ(x)
]}
|Ψ[h, φ]〉+O (θ2) = 0. (37)
The complete constraints are then obtained by adding the quantum constraints of the matter field (37) to the quantum
constraints of the gravitational field (33) and leads to the following equations:
[
Hˆθτ (x) + Hˆθφτ (x)
]
|Ψ[h, φ]〉 = 0,
[
Hˆθa(x) + Hˆθφa(x)
]
|Ψ[h, φ]〉 = 0, (38)
where the components of the Hamiltonian density are defined explicitly in (33) and (37). This means that for the
case of a scalar field the complete constraints containing the interaction between the scalar fields as matter fields and
the gravitational field have been obtained. This holds at least for the framework of quantum geometrodynamics. In
the next section the description of canonical quantum gravity on noncommutative space-time will be extended to the
Ashtekar formalism on which loop quantum gravity is based on.
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VII. TRANSITION TO THE ASHTEKAR FORMALISM
The description of canonical quantum gravity on noncommutative space-time can analogously be obtained within
the setting using Ashtekars variables. In this formalism a special representation of the spin connection is the decisive
dynamical quantity, which is defined by the relation
Aia =
Γia + βK
i
a
G
, (39)
where β denotes the Immirzi parameter and Γia is defined by the relation
Γia = −
1
2
ωajkǫ
ijk. (40)
ǫijk denotes as usual the complete anti-symmetric tensor of third order. The canonical conjugated quantity to the
connection is given by a generalized version of the triad. If the triad is defined by the relation
hab = δijeai e
b
j , (41)
then the generalized triad representing the canonical conjugated quantity to the connection is given by
Eai =
√
heai . (42)
To obtain the generalized quantum theory on noncommutative space-time, the quantization principle has to be gener-
alized in analogy to quantum geometrodynamics (27) and thus in accordance with the generalization of commutators
on noncommutative space-time given in (19). This means that the commutation relation between the operator refer-
ring to the connection, Aˆia, and the operator referring to the canonical conjugated quantity, Eˆ
a
i , has to be assumed
to be of the following shape:
[
Aˆia(x), Eˆ
b
j (y)
]
= i
[
8πβδijδ
b
a +
1
2
θmn
{
∂mAˆ
i
a, ∂nEˆ
b
j
}]
δ(x− y) +O (θ2) . (43)
The corresponding representation of the operators fulfilling the generalized quantization principle (43) in the connec-
tion space is in analogy to (28) given by
Aˆia(x)|Ψ[A]〉 = Aia(x)|Ψ[A]〉,
Eˆai (x)|Ψ[A]〉 = −i
[
8πβ
δ
δAia(x)
+
i
2
θmnδkpδlqδwzδirX ezarcpdq ∂mAwe (x)
×
∫
d3z ∂nδ(z − x) δ
δAkc (z)
δ
δAld(z)
]
|Ψ[A]〉+O (θ2) = 0. (44)
The calculation of the validity of the representation (44) is completely isomorphic to the case of quantum geometro-
dynamics given in (30) and (31) and therefore it is not written down separately. To obtain the generalized quantum
Hamiltonian and diffeomorphism constraint, the field strength tensor referring to the connection Aia on noncommu-
tative space-time has to be determined first. By using again the moyal star product (3) the generalized field strength
tensor can be calculated to
F θ iab = 2G∂aA
i
b − 2G∂bAia +G2ǫijkAja ∗Akb
= 2G∂aA
i
b − 2G∂bAia +G2ǫijkAjaAkb +
i
2
θmnG2ǫijk∂mA
j
a∂nA
k
b +O
(
θ2
) ≡ F θ0 iab + F θ1 iab +O (θ2) . (45)
In the Ashtekar formalism appears besides the Hamiltonian and the diffeomorphism constraint, the Gauss constraint,
which has to be generalized as well. In the usual setting it is given by
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G = DaEai = ∂aEai +GǫijkAjaEka = 0. (46)
In case of noncommutative geometry the Gauss constraint (46) has to be generalized to
Gθ ≡ Da ∗ Eai = ∂aEai +GǫijkAja ∗ Eka = ∂aEai +GǫijkAjaEka +
i
2
θmnGǫijk∂mA
j
a∂nE
ka +O (θ2) = 0,
⇔ G = DaEai = ∂aEai +GǫijkAjaEka = −
i
2
θmnGǫijk∂mA
j
a∂nE
ka +O (θ2) . (47)
The quantum theoretical version of the Gauss constraint in case of a noncommutative space-time (47) is accordingly
obtained by converting the variables of gravity in the Ashtekar formulation appearing in (47) to the corresponding
operators and inserting (44) to (47). This procedure leads to the following manifestation of the generalized quantum
Gauss constraint:
Gˆ(x)|Ψ[A]〉 ≡ DˆaEˆai (x)|Ψ[A]〉
=
{
−iDa
[
8πβ
δ
δAia(x)
+
i
2
θmnδkpδlqδwzδirX ezarcpdq ∂mAwe (x)
∫
d3z ∂nδ(z − x) δ
δAkc (z)
δ
δAld(z)
]}
|Ψ[A]〉+O (θ2)
= −
[
8πβ
2
θmnGǫijk∂mA
j
a(x)∂n
δ
δAka(x)
]
|Ψ[A]〉+O (θ2) . (48)
The components of the Hamiltonian in the Ashtekar formalism formulated on noncommutative space-time read
H¯θ = ǫijkF θabk ∗ Eai ∗ Ebj = ǫijkF θ0abkEai Ebj + ǫijkF θ1abkEai Ebj + iθmnǫijk∂mF θ0abk∂nEai Ebj
+
i
2
θmnǫijkF θ0abk∂mE
a
i ∂nE
b
j +O
(
θ2
)
= H¯θ0 + H¯θ1 +O (θ2) ,
H¯θa = F θ iab ∗ Ebi = F θ0 iab Ebi + F θ1 iab Ebi +
i
2
θmn∂mF
θ0 i
ab ∂nE
b
i +O
(
θ2
)
= H¯θ0a + H¯θ1a +O
(
θ2
)
. (49)
But as in case of quantum geometrodynamics the components of the Hamiltonian formulated on noncommutative
space-time do not represent the complete constraints on noncommutative space-time, since because of the moyal prod-
uct with the Lagrange multipliers, the complete constraints are given by (13). Accordingly the complete constraints
can be determined by inserting (49) to (13) and accordingly they read as follows:
Hθ =
[
ǫijkF θ0abkE
a
i E
b
j + ǫ
ijkF θ1abkE
a
i E
b
j + iθ
mnǫijk∂mF
θ0
abk∂nE
a
i E
b
j
+
i
2
θmnǫijkF θ0abk∂mE
a
i ∂nE
b
j −
i
2
θmn∂m∂n
(
ǫijkF θ0abkE
a
i E
b
j
)]
+O (θ2) = 0,
Hθa =
[
F θ0 iab E
b
i + F
θ1 i
ab E
b
i +
i
2
θmn∂mF
θ0 i
ab ∂nE
b
i −
i
2
θmn∂m∂n
(
F θ0 iab E
b
i
)]
+O (θ2) = 0. (50)
The corresponding quantum constraints are then obtained by converting the dynamical quantities to operators and
using (44) in the resulting expression,
Hˆθ(x)|Ψ[A]〉 = −
{
ǫijkF θ0abk(x)
δ
δAia(x)
δ
δA
j
b(x)
+ ǫijkF θ1abk(x)
δ
δAia(x)
δ
δA
j
b(x)
+ iθmnǫijk∂mF
θ0
abk(x)∂n
δ
δAia(x)
δ
δA
j
b(x)
(51)
+ǫijkF θ0abk(x)
[
θmnδkpδlqδwzδirX ezarcpdq ∂mAwe (x)
∫
d3z ∂nδ(z − x) δ
δAkc (z)
δ
δAld(z)
]
δ
δA
j
b(x)
+
i
2
θmnǫijkF θ0abk(x)∂m
δ
δAia(x)
∂n
δ
δA
j
b(x)
− i
2
θmn∂m∂n
(
ǫijkF θ0abk
δ
δAia(x)
δ
δA
j
b(x)
)}
|Ψ[A]〉+O (θ2) = 0,
Hˆθa(x)|Ψ[A]〉 = −i
{
F θ0 iab (x)
δ
δAib(x)
− iF θ0 iab
[
i
2
θmnδkpδlqδwzδirX ezarcpdq ∂mAwe (x)
∫
d3z ∂nδ(z − x) δ
δAkc (z)
δ
δAld(z)
]
+F θ1 iab
δ
δAib(x)
+
i
2
θmn∂mF
θ0 i
ab (x)∂n
δ
δAib(x)
− i
2
θmn∂m∂n
(
F θ0 iab (x)
δ
δAib(x)
)}
|Ψ[A]〉+O (θ2) = 0.
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VIII. HOLONOMY REPRESENTATION AND AREA OPERATOR
In the last section canonical quantum gravity based on Ashtekars variables on noncommutative space-time has
been explored. In this section is considered the holonomy representation of the gravitational field corresponding to
the Ashtekar formalism as it is used in loop quantum gravity. This means that the generalized quantum description
of general relativity developed in the last sections is considered with respect to the holonomy representation. A
generalization of a quantum description of general relativity in the context of loop quantum gravity being based on a
generalization of the description of the classical metrical structure has been explored in [43]. However, by referring to
this holonomy representation and presupposing the generalized operators of Ashtekars variables on noncommutative
space-time, which have been given in (44) and represent the generalized quantization rule (43), it is possible to
calculate a generalized area operator according to the generalization of the quantum description of general relativity
induced by the noncommutativity of space-time. The area operator and the volume operator in the context of loop
quantum gravity have been considered in [44] for the first time. Further studies concerning the area operator can be
found in [45],[46],[47] and concerning the volume operator in [48],[49],[50],[51],[52]. In this paper the considerations
will remain restricted to the area operator. The holonomy corresponding to the connection Aia representing the
gravitational field along a curve described by the coordinates γa(s) in dependence on the parameter s is given by
U [A, γ] (0, λ) = P exp
(
G
∫ λ
0
ds
dγa(s)
ds
Aia(γ(s))τi
)
, (52)
where the τi describe the generators of the SU(2). Accordingly for the holonomy holds: U [A, γ] (s) ∈ SU(2),
U [A, γ] (0) = 1 and it fulfils the following relation:
d
ds
U [A, γ] (s)−Gdγ
a(s)
ds
Aia(γ(s))τiU [A, γ] (s) = 0. (53)
The smeared out version of the canonical conjugated operator to the connection operator, Eˆai namely, where it is
integrated over a surface S embedded in the space-like three-dimensional submanifold Σ, is in its generalized shape
on noncommutative space-time being based on the representation (44) given by the following expression:
Eˆi(S) = −i
∫
S
dσ1dσ2 na(~σ)
[
8πβ
δ
δAia[x(~σ)]
+
i
2
θmnδkpδlqδwzδirX ezarcpdq ∂mAwe [x(~σ)]
×
∫
d3z ∂nδ(z − x(~σ)) δ
δAkc (z)
δ
δAld(z)
]
, (54)
where the three vector na(~σ) is defined as follows:
na(~σ) = ǫabc
∂xb(~σ)
∂σ1
∂xc(~σ)
∂σ2
. (55)
The embedding is defined by the mapping: (σ1, σ2)→ xa (σ1, σ2) = xa (~σ). To obtain the expression, which arises, if
the smeared out version of the canonical conjugated operator is applied to the holonomy of the connection and thus
of the gravitational field, it is necessary to consider the application of the derivative with respect to the connection
to the holonomy, which is determined by the relation
δU [A, γ]
δAia(x)
= G
∫
γ
ds
dγa(s)
ds
δ (x− γ(s))U [A, γ1] τiU [A, γ2] , (56)
where γ1 and γ2 denote the two sections of the curve γ, if it is divided by the point, where x is equal to γ(s).
The relation (56) has been calculated in [53] and can also be found in [54] and [55]. It shall now be considered the
application of (54) to the holonomy along a curve γ under the precondition that γ intersects S at one single point p.
By using the relation (56), it is possible to calculate the expression arising through application of the operator (54) to
the holonomy (52). Since in (54) the derivation with respect to the connection appears quadratically, the calculation
becomes much more intricated in case of a noncommutative space-time as it is presupposed here. Application of the
operator (54) to the holonomy (52) yields the following expression:
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Eˆi(S)U [A,α] = −i
∫
S
dσ1dσ2 ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{
8πβ
δU [A,α]
δAic[x(~σ)]
+iθmnδkpδlqδwzδirX ezcrgphq∂mAwe [x(~σ)]
∫
d3z ∂nδ (z − x(~σ)) δ
δAkg [z]
δU [A,α]
δAlh[z]
}
+O (θ2) . (57)
The right hand side of (57) has now to be calculated by using the relation (56) for the application of the variation
with respect to the connection to the holonomy and simplifying the obtained expression. This leads to
Eˆi(S)U [A,α] = −Gi
∫
S
dσ1dσ2
∫
γ
ds ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{
8πβ δ (x(~σ)− γ(s)) dγ
c(s)
ds
U [A, γ1] τiU [A, γ2]
+iθmnδkpδlqδwzδirX ezcrgphq∂mAwe [x(~σ)]
∫
d3z [∂nδ (z − x(~σ))
× δ
δAkg [z]
(
δ (z − γ(s)) dγ
h(s)
ds
U [A, γ1] τlU [A, γ2]
)]}
+O (θ2)
= −Gi
∫
S
dσ1dσ2
∫
γ
ds ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{
8πβ δ (x(~σ)− γ(s)) dγ
c(s)
ds
U [A, γ1] τiU [A, γ2]
+iGθmnδkpδlqδwzδirX ezcrgphq∂mAwe [x(~σ)]
∫
d3z [∂nδ (z − x(~σ))
×δ (z − γ(s)) dγ
h(s)
ds
∫
γ1
ds′
dγ
g
1 (s
′)
ds′
δ (z − γ1(s′))U [A, γ1] τkτlU [A, γ2]
]}
+O (θ2)
= −Gi
∫
S
dσ1dσ2
∫
γ
ds ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{
8πβ δ (x(~σ)− γ(s)) dγ
c(s)
ds
U [A, γ1] τiU [A, γ2]
−iGθmnδkpδlqδwzδirX ezcrgphq∂mAwe [x(~σ)]∂n
(
δ (x(~σ)− γ(s)) dγ
h(s)
ds
×
∫
γ1
ds′
dγ
g
1 (s
′)
ds′
δ (x(~σ)− γ1(s′))U [A, γ1] τkτlU [A, γ2]
)}
+O (θ2) . (58)
In (58) with respect to the second application of the variation with respect to the connection has been used the
assumption that the intersection point p belongs to the first section of the devision of γ, γ1 namely. In the last step
has in the term depending on the noncommutativity parameter θ been used partial integration with respect to z and
the fact that because of the delta function the expression within the integral vanishes at the boundary of the integral.
Since the derivative does not act then on the delta function anymore, but on the other terms the integral refers to,
the z-integral breaks down because of the delta function. The first expression in the bracket of the last step of (58)
corresponds to the usual expression without generalization, which is well-known in the literature, see [54] or [55] for
example, and can as usual be determined to:
−8πβGi
∫
S
dσ1dσ2
∫
γ
ds ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{
δ (x(~σ)− γ(s))
[
dγc(s)
ds
U [A, γ1] τiU [A, γ2]
]}
= ±8πβGiU [A, γ1] τiU [A, γ2] , (59)
where has to be used the following substitution of variables: (σ1, σ2, s) −→ (x1, x2, x3) and accordingly the relation:
∫
S
dσ1dσ2
∫
γ
ds ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
dγc(s)
ds
δ (x(~σ)− γ(s)) =
∫
dx1dx2dx3δ (x(~σ)− γ(s)) = ±1. (60)
The second expression of course arises from the special assumption of a noncommutative space-time and is accordingly
characteristic for the generalization of this paper. The calculation of this second expression is much more intricated,
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−G2
∫
S
dσ1dσ2
∫
γ
ds ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{
θmnδkpδlqδwzδirX ezcrgphq∂mAwe [x(~σ)]
×∂n
(
δ (x(~σ)− γ(s)) dγ
h(s)
ds
∫
γ1
ds′
dγ
g
1 (s
′)
ds′
δ (x(~σ)− γ1(s′))U [A, γ1] τkτlU [A, γ2]
)}
+O (θ2)
= G2
∫
S
dσ1dσ2
∫
γ
ds
∫
γ1
ds′ ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
{δ (x(~σ)− γ1(s′))
×θmnδkpδlqδwzδirX ezcrgphq∂m∂nAwe [x(~σ)]
(
dγh(s)
ds
dγ
g
1 (s
′)
ds′
δ (x(~σ)− γ(s))U [A, γ1] τkτlU [A, γ2]
)}
+O (θ2)
= G2
∫
S
dσ1dσ2
∫
γ
ds
∫
γ1
ds′ ǫabc
∂xa(~σ)
∂σ1
∂xb(~σ)
∂σ2
dγc1(s
′)
ds′
{δ (x(~σ)− γ1(s′))
×θmn∂m∂nAlh[x(~σ)]
(
dγh(s)
ds
δ (x(~σ)− γ(s))U [A, γ1] τiτlU [A, γ2]
)}
+O (θ2)
= G2
∫
γ
ds
dγh(s)
ds
{
θmn∂m∂nA
l
h[p]δ (p− γ(s))U [A, γ1] τiτlU [A, γ2]
}
+O (θ2)
= G2
∫
γ
dγh
{
θmn∂m∂nA
l
h[p]δ (p− γ)U [A, γ1] τiτlU [A, γ2]
}
+O (θ2)
= ±G2θmn
∑
h
∂m∂nA
l
h[p]U [A, γ1] τiτlU [A, γ2] +O
(
θ2
)
. (61)
In the first step of (61) has again been used partial integration and the fact that because of the delta function the
expression within the integral vanishes at the boundary of the integral and the expression has been reordered with
respect to its factors. After this, in the second step, has been applied the definition of the components X abcdefgh of the
tensor X , which are given in (29), and the Kronecker deltas have been contracted. Then, in the third step, three of the
integrals have been solved in analogy to (59) by applying (60) with s replaced by s′ and another reordering has been
taken place. Finally, in the last two steps, the remaining integral has been solved. This means that the application
of the smeared out version of the canonical conjugated operator to the holonomy of the connection is given by
Eˆi(S)U [A,α] = ±Gi
(
8πβ U [A, γ1] τiU [A, γ2] + iGθ
mn
∑
a
∂m∂nA
j
a[p]U [A, γ1] τiτjU [A, γ2]
)
+O (θ2) . (62)
To obtain a gauge invariant expression, the operator (54) has to be considered quadratically and thus it has to be
applied another time to the holonomy. This means nothing else but that the relation (62) is iterated and yields
Eˆ2(S)U [A,α] = ±Gi Eˆ(S)
(
8πβ U [A, γ1] τiU [A, γ2] + iGθ
mn
∑
a
∂m∂nA
j
a[p]U [A, γ1] τiτjU [A, γ2]
)
+O (θ2) ,
= −8πβG2
∑
i
(
8πβ U [A, γ1] τiτiU [A, γ2] + iGθ
mn
∑
a
∂m∂nA
j
a[p]U [A, γ1] τiτjτiU [A, γ2]
+iGθmn
∑
a
∂m∂nA
j
a[p]U [A, γ1] τiτiτjU [A, γ2]
)
+O (θ2) , (63)
where has been used that the second application to the operator (54) only acts on the holonomy referring to the first
section of the devision of γ, since the point P belongs to this section, γ1 namely. A spin network state is defined as
|ΨS [A]〉 = RIαβ(U [α, γ])Ψαβ [A], (64)
where the transformation operator RIαβ(U [α, γ]) describes the holonomy along the curve γ in the irreducible repre-
sentation corresponding to the spin I. It is assumed that the spin network S intersects the surface S at a single point
p. The application of the square of the smeared out operator (54) to a spin network state leads to
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Eˆ2(S)|ΨS [A]〉 = 8πβG2
{
8πβ I(I + 1) + iGθmn
∑
a
∂m∂nA
j
a[p]
[
I(I + 1)τj +
∑
i
λijkτkτi
]
+iGθmn
∑
a
∂m∂nA
j
a[p] I(I + 1)τj
}
|ΨS [A]〉
= 8πβG2
{
8πβI(I + 1) + iGθmn
∑
a
∂m∂nA
j
d[p]
[
2I(I + 1)τj +
∑
i
λijkτkτi
]}
|ΨS [A]〉, (65)
where have been used the following properties of the generators τi:
∑
i
τ
(I)
i τ
(I)
i = −I(I + 1) ,
[
τ
(I)
i , τ
(I)
j
]
= iλ
(I)
ijkτ
(I)
k ⇔ τ (I)i τ (I)j = τ (I)j τ (I)i + iλ(I)ijkτ (I)k , (66)
where the λ
(I)
ijk denote the structure constants of the Lie Algebra describing the symmetry group defining the space
of the spin I. The first relation of (66) is also used in the usual case, whereas the Lie Algebra is only needed with
respect to the generalization term. If there is assumed that the spin network S intersects S at a finite number of
points N , then the expression of the area operator applied to a spin network state is given by
Aˆ(S)|ΨS [A]〉 =
∑
N
√
Eˆ2(SN )|ΨS [A]〉
=
√
8πβ G
∑
P∈S∩S
√√√√8πβ I(I + 1) + iGθmn∑
a
∂m∂nA
j
a[p]
[
2I(I + 1)τj +
∑
i
λijkτkτi
]
|ΨS[A]〉.(67)
This means nothing else, but that the generalized version of the area operator in loop quantum gravity on noncom-
mutative space-time has been determined by considering a calculation to the first order in the noncommutativity
parameter θ. The calculation has been performed in complete analogy to the usual case by using the generalized
representation of the smeared out version of the canonical conjugated operator to the connection operator according
to the generalization of the quantization of the gravitational field on noncommutative space-time.
IX. DISCUSSION
In the present paper canonical quantum gravity on noncommutative space-time has been considered. This the-
ory represents a combination of two very important concepts in contemporary fundamental theoretical physics, the
canonical quantization of general relativity on the one hand and noncommutative geometry on the other hand. The
presented theory is based on Hamiltonian gravity on noncommutative space-time formulated by using the moyal
star product to represent the expressions depending on noncommuting quantities to quantities on usual space-time.
Although the transition to the corresponding quantum theory is performed as usual by postulating canonical com-
mutation relations between the quantity describing the gravitational field and its canonical conjugated quantity, the
quantization condition has to be generalized because of the necessity to generalize commutators on a noncommutative
space-time. After the formulation of the canonical quantum theory of quantum geometrodynamics on noncommu-
tative space-time under incorporation of a coupling to a matter field, the Ashtekar formalism has been considered.
In both cases the generalized expressions of the representations of the operators with respect to the field and the
corresponding quantum constraints have been given. To formulate the representation of the operator describing the
canonical conjugated quantity, it was necessary to introduce a special tensor of eight order. At the end, the holonomy
representation corresponding to the connection in the Ashtekar formalism, on which loop quantum gravity is based
on, has been used to calculate the generalized area operator in case of noncommutative geometry. This calculation
has been performed to the first order in the noncommutativity parameter θ as all calculations in this paper. In this
approximation the generalized area operator in loop quantum gravity on noncommutative space-time has finally been
determined. The generalized quantization principle as basic constituent of the presented theory, which is implied by
the direct combination of the assumption of noncommutative geometry and field quantization, is a different version of
a generalized quantization principle as it has been considered with respect to the variables of quantum mechanics as
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generalized uncertainty principle [56],[57],[58] and in quantum gravity [36],[37],[38],[39],[40]. Usually, noncommutative
geometry is mainly interpreted as a possible extension of the structure of space-time, which could possibly cure the
appearance of divergencies in quantum field theory, since the presupposed noncommutative geometry implies the
existence of a minimal length. This is in particular very interesting with respect to the attempt of a description of
quantum gravity in the framework of usual quantum field theory because of its nonrenormalizability, which could be
omitted by the appearing minimal length. However, if this would be true, then it has in an analogous way to be
possible, to give a corresponding canonical formulation of quantum gravity on noncommutative space-time. This has
been done in this paper. It remains an open task and would lead to very interesting projects for further research to
consider extended theories like canonical quantum supergravity on noncommutative space-time.
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